Abstract. These lecture notes 1 intend to form a short pedagogical introduction to inflationary cosmology, highlighting selected areas of recent progress such as reheating and the theory of cosmological perturbations. Problems of principle for inflationary cosmology are pointed out, and some new attempts at solving them are indicated, including a nonsingular Universe construction by means of higher derivative terms in the gravitational action, and the study of back-reaction of cosmological perturbations.
Introduction
Inflationary cosmology [1] has become one of the cornerstones of modern cosmology. Inflation was the first theory which made predictions about the structure of the Universe on large scales based on causal physics. The development of the inflationary Universe scenario has opened up a new and extremely promising avenue for connecting fundamental physics with experiment.
These lectures form a short pedagogical introduction to inflation, focusing more on the basic principles than on detailed particle physics model building. Section 2 outlines some of the basic problems of standard cosmology which served as a motivation for the development of inflationary cosmology, especially the apparent impossibility of having a causal theory of structure formation within the context of standard cosmology.
In Section 3, it is shown how the basic idea of inflation can solve the horizon and flatness problems, and can lead to a causal theory of structure formation. It is shown that when trying to implement the idea of infla-tion, one is automatically driven to consider the interplay between particle physics / field theory and cosmology. The section ends with a brief survey of some models of inflation.
Section 4 reviews two areas in which there has been major progress since the early days of inflation. The first topic is reheating. It is shown that parametric resonance effects may play a crucial role in reheating the Universe at the end of inflation. The second topic is the quantum theory of the generation and evolution of cosmological perturbations which has become a cornerstone for precision calculations of observable quantities.
In spite of the remarkable success of the inflationary Universe paradigm, there are several serious problems of principle for current models of inflation, specifically potential-driven models. These problems are discussed in Section 5.
Section 6 is a summary of some new approaches to solving the problems of potential-driven inflation. An attempt to obtain inflation from condensates is discussed, a nonsingular Universe construction making use of higher derivative terms in the gravitational action is explained, and a framework for calculating the back-reaction of cosmological perturbations is summarized.
As indicated before, this review focuses on the principles and problems of inflationary cosmology. Readers interested in comprehensive reviews of inflation are referred to [2, 3, 4] . A recent review focusing on inflationary model building in the context of supersymmetric models can be found in [5] . For a review at a similar level to this one but with a different bias see [6] .
Successes and Problems of Standard Cosmology

FRAMEWORK OF STANDARD COSMOLOGY
The standard big bang cosmology rests on three theoretical pillars: the cosmological principle, Einstein's general theory of relativity and a classical perfect fluid description of matter.
The cosmological principle states that on large distance scales the Universe is homogeneous. This implies that the metric of space-time can be written in Friedmann-Robertson-Walker (FRW) form:
where the constant k determines the topology of the spatial sections. In the following, we shall usually set k = 0, i.e. consider a spatially flat Universe. In this case, we can set the scale factor a(t) to be equal to 1 at the present time t 0 , i.e. a(t 0 ) = 1, without loss of generality. The coordinates r, ϑ and ϕ are comoving spherical coordinates. World lines with constant comoving coordinates are geodesics corresponding to particles at rest. If the Universe is expanding, i.e. a(t) is increasing, then the physical distance ∆x p (t) between two points at rest with fixed comoving distance ∆x c grows:
The dynamics of an expanding Universe is determined by the Einstein equations, which relate the expansion rate to the matter content, specifically to the energy density ρ and pressure p. For a homogeneous and isotropic Universe and setting the cosmological constant to zero, they reduce to the Friedmann-Robertston-Walker (FRW) equations
These equations can be combined to yield the continuity equation (with Hubble constant H =ȧ/a)ρ = −3H(ρ + p) .
The third key assumption of standard cosmology is that matter is described by a classical ideal gas with an equation of state p = wρ .
For cold matter (dust), pressure is negligible and hence w = 0. From (5) it follows that ρ m (t) ∼ a −3 (t) ,
where ρ m is the energy density in cold matter. For radiation we have w = 1/3 and hence it follows from (5) that
ρ r (t) being the energy density in radiation.
SUCCESSES OF STANDARD COSMOLOGY
The three classic observational pillars of standard cosmology are Hubble's law, the existence and black body nature of the nearly isotropic cosmic microwave background (CMB), and the abundances of light elements (nucleosynthesis). These successes are discussed in detail in many textbooks (see e.g. [7, 8, 9] for some recent ones) on cosmology, and also in the lectures by Blanchard and Sarkar at this school, and will therefore not be reviewed here. Let us just recall two important aspects of the thermal history of the early Universe. Since the energy density in radiation redshifts faster than the matter energy density, it follows that although the energy density of the Universe is now mostly in cold matter, it was initially dominated by radiation. The transition occurred at a time denoted by t eq , the "time of equal matter and radiation". As discussed in the lectures by Padmanabhan at this school, t eq is the time when perturbations can start to grow by gravitational clustering. The second important time is t rec , the "time of recombination" when photons fell out of equilibrium (since ions and electrons had by then combined to form electrically neutral atoms). The photons of the CMB have travelled without scattering from t rec to the present. Their spatial distribution is predicted to be a black body since the cosmological redshift preserves the black body nature of the initial spectrum (simply redshifting the temperature) which was in turn determined by thermal equilibrium. CMB anisotropies probe the density fluctuations at t rec (see the lectures by Zadellariaga at this school for a detailed analysis). Note that for the usual values of the cosmological parameters, t eq < t rec .
PROBLEMS OF STANDARD COSMOLOGY
Standard Big Bang cosmology is faced with several important problems. None represents an actual conflict with observations. The problems I will focus on here -the homogeneity, flatness and formation of structure problems (see e.g. [1] ) -are questions which have no answer within the theory and are therefore the main motivation for inflationary cosmology.
The "horizon problem" is illustrated in Fig. 1 . As is sketched, the comoving region ℓ p (t rec ) over which the CMB is observed to be homogeneous to better than one part in 10 4 is much larger than the comoving forward light cone ℓ f (t rec ) at t rec , which is the maximal distance over which microphysical forces could have caused the homogeneity: Figure 1 . A space-time diagram (physical distance xp versus time t) illustrating the homogeneity problem: the past light cone ℓp(t) at the time trec of last scattering is much larger than the forward light cone ℓ f (t) at trec.
From the above equations it is obvious that ℓ p (t rec ) ≫ ℓ f (t rec ). Hence, standard cosmology cannot explain the observed isotropy of the CMB. In standard cosmology and in an expanding Universe with conserved total entropy, Ω = 1 is an unstable fixed point. This can be seen as follows. For a spatially flat Universe (Ω = 1)
whereas for a nonflat Universe
The quantity ε is proportional to s −2/3 , where s is the comoving entropy density. Hence, in standard cosmology, ε is constant. Combining (11) and (12) gives
Thus, as the temperature decreases, |Ω − 1| increases. In fact, in order to explain the present small value of Ω ≃ 1, the initial energy density had to be extremely close to critical density. For example, at T = 10 15 GeV, (14) implies
What is the origin of these fine tuned initial conditions? This is the "flatness problem" of standard cosmology. The third of the classic problems of standard cosmological model is the "formation of structure problem." Observations indicate that galaxies and even clusters of galaxies have nonrandom correlations on scales larger than 50 Mpc (see e.g. [10, 11] ). This scale is comparable to the comoving horizon at t eq . Thus, if the initial density perturbations were produced much before t eq , the correlations cannot be explained by a causal mechanism. Gravity alone is, in general, too weak to build up correlations on the scale of clusters after t eq (see, however, the explosion scenario of [12] and topological defect models [13, 14, 15] discussed in these proceedings in [16] ). Hence, the two questions of what generates the primordial density perturbations and what causes the observed correlations do not have an answer in the context of standard cosmology. This problem is illustrated by Fig. 2 .
Standard cosmology extrapolated all the way back to the big bang cannot be taken as a self-consistent theory. The theory predicts that as the big 0 t i t R a(t) ~ t 1/2 a(t) = e tH a(t) ~ t 1/2 Figure 3 . The time line of an inflationary Universe. The times ti and tR denote the beginning and end of inflation, respectively. In some models of inflation, there is no initial radiation dominated FRW period. Rather, the classical space-time emerges directly in an inflationary state from some initial quantum gravity state.
bang is approached the temperature of matter diverges. This implies that the classical ideal gas description of matter which is one of the pillars of the theory breaks down. This comment serves as a guide to which of the key assumptions of standard cosmology will have to be replaced in order to obtain an improved theory: this improved theory will have to be based on the best theory available which describes matter at high temperatures and energies. Currently the best available matter theory is quantum field theory. In the near future, however, quantum field theory may have to be replaced by the theory which extends it to even higher energies, most likely string theory.
Overview of Inflationary Cosmology
THE INFLATIONARY SCENARIO
The idea of inflation [1] is very simple (for some early reviews of inflation see e.g. [2, 3, 4, 17] ). We assume there is a time interval beginning at t i and ending at t R (the "reheating time") during which the Universe is exponentially expanding, i.e.,
with constant Hubble expansion parameter H. Such a period is called "de Sitter" or "inflationary." The success of Big Bang nucleosynthesis sets an upper limit to the time t R of reheating:
t N S being the time of nucleosynthesis. The phases of an inflationary Universe are sketched in Fig. 3 . Before the onset of inflation there are no constraints on the state of the Universe. In . Sketch (physical coordinates vs. time) of the solution of the homogeneity problem. During inflation, the forward light cone l f (t) is expanded exponentially when measured in physical coordinates. Hence, it does not require many e-foldings of inflation in order that l f (t) becomes larger than the past light cone at the time of last scattering. The dashed line is the forward light cone without inflation.
some models a classical space-time emerges immediately in an inflationary state, in others there is an initial radiation dominated FRW period. Our sketch applies to the second case. After t R , the Universe is very hot and dense, and the subsequent evolution is as in standard cosmology. During the inflationary phase, the number density of any particles initially in thermal equilibrium at t = t i decays exponentially. Hence, the matter temperature T m (t) also decays exponentially. At t = t R , all of the energy which is responsible for inflation (see later) is released as thermal energy. This is a nonadiabatic process during which the entropy increases by a large factor. Fig. 4 is a sketch of how a period of inflation can solve the homogeneity problem. ∆t = t R −t i is the period of inflation. During inflation, the forward light cone increases exponentially compared to a model without inflation, whereas the past light cone is not affected for t ≥ t R . Hence, provided ∆t is sufficiently large, ℓ f (t R ) will be greater than ℓ p (t R ).
Inflation also can solve the flatness problem [18, 1] . The key point is that the entropy density s is no longer constant. As will be explained later, the temperatures at t i and t R are essentially equal. Hence, the entropy increases during inflation by a factor exp(3H∆t). Thus, ǫ decreases by a factor of exp(−2H∆t). Hence, ρ and ρ c can be of comparable magnitude at both t i and the present time. In fact, if inflation occurs at all, then rather generically, the theory predicts that at the present time Ω = 1 to a high accuracy (now Ω < 1 requires special initial conditions or rather special models [19] ). Most importantly, inflation provides a causal mechanism for generating the primordial perturbations required for galaxies, clusters and even larger objects. In inflationary Universe models, the Hubble radius ("apparent" horizon), 3t, and the ("actual") horizon (the forward light cone) do not coincide at late times. Provided that the duration of inflation is sufficiently long, then (as sketched in Fig. 5 ) all scales within our present apparent horizon were inside the horizon since t i . Thus, in principle it is possible to have a casual generation mechanism for perturbations [20, 21, 22, 23] .
The generation of perturbations is supposed to be due to a causal microphysical process. Such processes can only act coherently on length scales smaller than the Hubble radius ℓ H (t), where
A heuristic way to understand ℓ H (t) is to realize that it is the distance which light (and hence the maximal distance any causal effects) can propagate in one expansion time.
As will be discussed in Section 4, the density perturbations produced during inflation are due to quantum fluctuations in the matter and gravitational fields [21, 22] . The amplitude of these inhomogeneities corresponds to a temperature
the Hawking temperature of the de Sitter phase. This leads one to expect that at all times during inflation, perturbations will be produced with a fixed physical wavelength ∼ H −1 . Subsequently, the length of the waves is stretched with the expansion of space, and soon becomes larger than the Hubble radius. The phases of the inhomogeneities are random. Thus, the inflationary Universe scenario predicts perturbations on all scales ranging from the comoving Hubble radius at the beginning of inflation to the corresponding quantity at the time of reheating. In particular, provided that inflation lasts sufficiently long, perturbations on scales of galaxies and beyond will be generated. Note, however, that it is very dangerous to interpret de Sitter Hawking radiation as thermal radiation. In fact, the equation of state of this "radiation" is not thermal [24] . Figure 5 . A sketch (physical coordinates vs. time) of the solution of the formation of structure problem. Provided that the period of inflation is sufficiently long, the separation dc between two galaxy clusters is at all times smaller than the forward light cone. The dashed line indicates the Hubble radius. Note that dc starts out smaller than the Hubble radius, crosses it during the de Sitter period, and then reenters it at late times.
HOW TO OBTAIN INFLATION
Obviously, the key question is how to obtain inflation. From the FRW equations, it follows that in order to get an exponential increase of the scale factor, the equation of state of matter must be
which is not compatible with the standard (cosmological) model description of matter as an ideal gas of classical matter. As mentioned earlier, the ideal gas description of matter breaks down in the very early Universe. Matter must, instead, be described in terms of quantum field theory (QFT). In the resulting framework (classical general relativity as a description of space and time, and QFT as a description of the matter content) it is possible to obtain inflation. More important than the quantum nature of matter is its field nature. Note, however, that quantum field-driven inflation is not the only way to obtain inflation. In fact, before the seminal paper by Guth [1] , Starobinsky [43] proposed a model with exponential expansion of the scale factor based on higher derivative curvature terms in the gravitational action.
Current quantum field theories of matter contain three types of fields: spin 1/2 fermions (the matter fields) ψ, spin 1 bosons A µ (the gauge bosons) and spin 0 bosons, the scalar fields ϕ (the Higgs fields used to spontaneously break internal gauge symmetries). The Lagrangian of the field theory is constrained by gauge invariance, minimal coupling and renormalizability. The Lagrangian of the bosonic sector of the theory is thus constrained to have the form
where in Minkowski space-time D µ = ∂ µ − igA µ denotes the (gauge) covariant derivative, g being the gauge coupling constant, F µν is the field strength tensor, and V (ϕ) is the Higgs potential. Renormalizability plus assuming symmetry under ϕ → −ϕ constrains V (ϕ) to have the form
where m is the mass of the excitations of ϕ about ϕ = 0, and λ is a selfcoupling constant. For spontaneous symmetry breaking, m 2 < 0 is required. Given the Lagrangian (21), the action for matter is
where g here denotes the determinant of the metric tensor, and now the covariant derivative D µ in (21) is a gauge and metric covariant derivative. The energy-momentum tensor is obtained by varying this action with respect to the metric. The contributions of the scalar fields to the energy density ρ and pressure p are
It thus follows that if the scalar field is homogeneous and static, but the potential energy positive, then the equation of state p = −ρ necessary for exponential inflation results. This is the idea behind potential-driven inflation.
Note that given the restrictions imposed by minimal coupling, gauge invariance and renormalizability, scalar fields with nonvanishing potentials are required in order to obtain inflation. Mass terms for fermionic and gauge fields are not compatible with gauge invariance, and renormalizability forbids nontrivial potentials for fermionic fields. The initial hope of the inflationary Universe scenario [1] was that the Higgs field required for gauge symmetry breaking in "grand unified" (GUT) models would serve the role of the inflaton, the field generating inflation. As will be seen in the following subsection, this hope cannot be realized.
Most of the current realizations of potential-driven inflation are based on satisfying the conditionṡ
via the idea of slow rolling [31, 32] . Consider the equation of motion of the scalar field ϕ which can be obtained by varying the action S m with respect to ϕ:
If the scalar field starts out almost homogeneous and at rest, if the Hubble damping term (the second term on the l.h.s. of (27) is large), and if the potential is quite flat (so that the term on the r.h.s. of (27) is small), theṅ ϕ 2 may remain small compared to V (ϕ), in which case the slow rolling conditions (26) are satisfied and exponential inflation will result. If the spatial gradient terms are initially negligible, they will remain negligible since they redshift.
To illustrate the slow-roll inflationary scenario, consider the simplest model, a toy model with quadratic potential
Consider initial conditions for which ϕ ≫ m pl andφ = 0. At the beginning of the evolution, ϕ will be rolling slowly and one finds approximate solutions by neglecting theφ term (the self-consistency of this approximation needs to be checked in every model independently!). In this simple model, the system of approximate equations
and
can be solved exactly, yieldinġ
t T(t) (t) t i t R t i t R Figure 6 . Evolution of ϕ(t) and T (t) in the inflationary Universe scenario.
Sinceφ is constant, neglecting theφ term in the equation of motion (27) is a self-consistent approximation. From (31) it also follows that inflation will occur until the slow-rolling condition (26) breaks down, i.e. until
When ϕ falls below the above value, it starts oscillating about its minimum with an amplitude that decays due to Hubble friction (the damping term 3Hφ in the field equation of motion (27) ) and microscopic friction (see Section 4.1). Microscopic friction will lead to rapid heating of the Universe. For historic reasons, the time t R corresponding to the end of inflation and the onset of microscopic friction is called the reheating time.
The evolution of the scalar field ϕ and of the temperature T as a function of time is sketched in Figure 6 .
SOME MODELS OF INFLATION
Old Inflation
The first potential-driven model of inflation was, however, not based on slow rolling, but on false vacuum decay. It is the "Old Inflationary Universe" [1, 25] which was formulated in the context of a scalar field theory which undergoes a first order phase transition. As a toy model, consider a scalar field theory with the potential V (ϕ) of Figure 7 . This potential has a metastable "false" vacuum at ϕ = 0, whereas the lowest energy state (the "true" vacuum) is ϕ = a. Finite temperature effects [26] lead to extra terms in the effective potential which are proportional to ϕ 2 T 2 (the resulting finite temperature effective potential is also depicted in Figure 7) . Thus, at high temperatures, the energetically preferred state is the false vacuum state. Note that this is only true if ϕ is in thermal equilibrium with the other fields in the system.
The origin of the finite temperature corrections to the effective potential can be qualitatively understood as follows. Consider a theory with potential (22) . If it is in thermal equilibrium, then the expectation value of ϕ is given by
In the Hartree-Fock approximation, the interaction term λϕ 3 in the scalar field equation of motion (27) can be replaced by 3ϕ < ϕ 2 >. Making use of (33) (with constant of proportionality designated by α) to substitute for the expectation value of ϕ 2 , we then get the same equation of motion as would follow for a scalar field with potential
For a rigorous derivation, the reader is referred to the original articles [26] or the review article [17] . However, from the heuristic analysis given above, it is already clear that the finite temperature corrections to the potential can only be applied if ϕ is in thermal equilibrium. For fairly general initial conditions, ϕ(x) is trapped in the metastable state ϕ = 0 as the Universe cools below the critical temperature T c . As the Universe expands further, all contributions to the energy-momentum tensor T µν redshift, except for the contribution
Hence, provided that the potential V (ϕ) is shifted upwards such that V (a) = 0, the equation of state in the false vacuum approaches p = −ρ, and inflation sets in. After a period Γ −1 , where Γ is the tunnelling rate, bubbles of ϕ = a begin to nucleate [27] in a sea of false vacuum ϕ = 0. Inflation lasts until the false vacuum decays. During inflation, the Hubble constant is given by The condition V (a) = 0, which looks rather unnatural, is required to avoid a large cosmological constant today (none of the present inflationary Universe models manage to circumvent or solve the cosmological constant problem). It was immediately realized that old inflation has a serious "graceful exit" problem [1, 28] . The bubbles nucleate after inflation with radius r ≪ 2t R . Even if the bubble walls expand with the speed of light, the bubbles would at the present time be much smaller than our apparent horizon. Thus, unless bubbles percolate, the model predicts extremely large inhomogeneities inside the Hubble radius, in contradiction with the observed isotropy of the microwave background radiation.
For bubbles to percolate, a sufficiently large number must be produced so that they collide and homogenize over a scale larger than the present Hubble radius. However, because of the exponential expansion of the regions still in the false vacuum phase, the volume between bubbles expands exponentially whereas the volume inside bubbles expands only with a low power. This prevents percolation. One way to overcome this problem is by realizing old inflation in the context of Brans-Dicke gravity [29, 30] .
New Inflation
Because of the graceful exit problem, old inflation never was considered to be a viable cosmological model. However, soon after the seminal paper by Guth, Linde [31] and Albrecht and Steinhardt [32] independently put forwards a modified scenario, the "New Inflationary Universe".
The starting point is a scalar field theory with a double well potential which undergoes a second order phase transition ( near ϕ = 0 at temperatures T ≥ T c , where the critical temperature T c is characterized by the vanishing of the second derivative of V T (ϕ) at the origin. For T < T c , thermal fluctuations trigger the instability of ϕ(x) = 0 and ϕ(x) evolves towards either of the global minima at ϕ = ±σ by the classical equation of motion (27) . Within a fluctuation region, ϕ(x) will be homogeneous. In such a region, we can neglect the spatial gradient terms in Eq. (27) . Then, from (24) and (25) we can read off the induced equation of state. The slow rolling condition required to obtain inflation is given by (26) .
There is no graceful exit problem in the new inflationary Universe. Since the fluctuation domains are established before the onset of inflation, any boundary walls will be inflated outside the present Hubble radius.
In order to obtain inflation, the potential V (ϕ) must be very flat near the false vacuum at ϕ = 0. This can only be the case if all of the coupling constants appearing in the potential are small. However, this implies that ϕ cannot be in thermal equilibrium at early times, which would be required to localize ϕ in the false vacuum. In the absence of thermal equilibrium, the initial conditions for ϕ are only constrained by requiring that the total energy density in ϕ not exceed the total energy density of the Universe. Most of the phase space of these initial conditions lies at values of |ϕ| >> σ. This leads to the "chaotic" inflation scenario [33] .
Chaotic Inflation
Consider a region in space where at the initial time ϕ(x) is very large, homogeneous and static. In this case, the energy-momentum tensor will be immediately dominated by the large potential energy term and induce an equation of state p ≃ −ρ which leads to inflation. Due to the large Hubble damping term in the scalar field equation of motion, ϕ(x) will only roll very slowly towards ϕ = 0. The kinetic energy contribution to T µν will remain small, the spatial gradient contribution will be exponentially suppressed due to the expansion of the Universe, and thus inflation persists. Note that in contrast to old and new inflation, no initial thermal bath is required. Note also that the precise form of V (ϕ) is irrelevant to the mechanism. In particular, V (ϕ) need not be a double well potential. This is a significant advantage, since for scalar fields other than GUT Higgs fields used for spontaneous symmetry breaking, there is no particle physics motivation for assuming a double well potential, and the inflaton (the field which gives rise to inflation) cannot be a conventional Higgs field, due to the severe fine tuning constraints.
The field and temperature evolution in a chaotic inflation model is similar to what is depicted in Figure 8 , except that ϕ is rolling towards the true vacuum at ϕ = σ from the direction of large field values.
Chaotic inflation is a much more radical departure from standard cosmology than old and new inflation. In the latter, the inflationary phase can be viewed as a short phase of exponential expansion bounded at both ends by phases of radiation domination. In chaotic inflation, a piece of the Universe emerges with an inflationary equation of state immediately after the quantum gravity (or string) epoch.
The chaotic inflationary Universe scenario has been developed in great detail (see e.g. [34] for a recent review). One important addition is the inclusion of stochastic noise [35] in the equation of motion for ϕ in order to account for the effects of quantum fluctuations. In fact, it can be shown that for sufficiently large values of |ϕ|, the stochastic force terms are more important than the classical relaxation force V ′ (ϕ). There is thus equal probability for the quantum fluctuations to lead to an increase or decrease of |ϕ|. Hence, in a substantial fraction of the comoving volume, the field ϕ climbs up the potential. This leads to the conclusion that chaotic inflation is eternal. At all times, a large fraction of the physical space will be inflating. Another consequence of including stochastic terms is that on large scales (much larger than the present Hubble radius), the Universe will look extremely inhomogeneous.
It is difficult to realize chaotic inflation in conventional supergravity models since gravitational corrections to the potential of scalar fields typically render the potential steep for values of |ϕ| of the order of m pl and larger. This prevents the slow rolling condition (26) from being realized.
Even if this condition can be met, there are constraints from the amplitude of produced density fluctuations which are much harder to satisfy (see Section 5). Note that it is not impossible to obtain single field potential-driven inflation in supergravity models. For examples which show that is possible see e.g. [36, 37] .
Hybrid Inflation
Hybrid inflation [38] is a solution to the above-mentioned problem of chaotic inflation. Hybrid inflation requires at least two scalar fields to play an important role in the dynamics of the Universe. As a toy model, consider the potential of a theory with two scalar fields ϕ and ψ:
For values of |ϕ| larger than ϕ c
the minimum of ψ is ψ = 0, whereas for smaller values of ϕ the symmetry ψ → −ψ is broken and the ground state value of |ψ| tends to M . The idea of hybrid inflation is that ϕ is slowly rolling, like the inflaton field in chaotic inflation, but that the energy density of the Universe is dominated by ψ, i.e. by the contribution
to the potential. Inflation terminates once |ϕ| drops below the critical value ϕ c , at which point ψ starts to move (and is not required to move slowly). Note that in hybrid inflation ϕ c can be much smaller than m pl and hence inflation without super-Planck scale values of the fields is possible. It is possible to implement hybrid inflation in the context of supergravity (see e.g. [39] . For a detailed discussion of inflation in the context of supersymmetric and supergravity models, the reader is referred to [5] .
Comments
At the present time there are many realizations of potential-driven inflation, but there is no canonical theory. A lot of attention is being devoted to implementing inflation in the context of unified theories, the prime candidate being superstring theory or M-theory. String theory or M-theory live in 10 or 11 space-time dimensions, respectively. When compactified to 4 space-time dimensions, there exist many moduli fields, scalar fields which describe flat directions in the complicated vacuum manifold of the theory.
A lot of attention is now devoted to attempts at implementing inflation using moduli fields (see e.g. [40] and references therein).
Recently, it has been suggested that our space-time is a brane in a higher-dimensional space-time (see [41] for the basic construction). Ways of obtaining inflation on the brane are also under active investigation (see e.g. [42] ).
It should also not be forgotten that inflation can arise from the purely gravitational sector of the theory, as in the original model of Starobinsky [43] (see also Section 5), or that it may arise from kinetic terms in an effective action as in pre-big-bang cosmology [44] or in k-inflation [45] .
FIRST PREDICTIONS OF INFLATION
Theories with (almost) exponential inflation generically predict an (almost) scale-invariant spectrum of density fluctuations, as was first realized in [20, 21, 22, 23] and then studied more quantitatively in [46, 47, 48] . Via the Sachs-Wolfe effect [49] , these density perturbations induce CMB anisotropies with a spectrum which is also scale-invariant on large angular scales.
The heuristic picture is as follows (see Fig. 5 ). If the inflationary period which lasts from t i to t R is almost exponential, then the physical effects which are independent of the small deviations from exponential expansion are time-translation-invariant. This implies, for example, that quantum fluctuations at all times have the same strength when measured on the same physical length scale.
If the inhomogeneities are small, they can described by linear theory, which implies that all Fourier modes k evolve independently. The exponential expansion inflates the wavelength of any perturbation. Thus, the wavelength of perturbations generated early in the inflationary phase on length scales smaller than the Hubble radius soon becomes equal to ("exits") the Hubble radius (this happens at the time t i (k)) and continues to increase exponentially. After inflation, the Hubble radius increases as t while the physical wavelength of a fluctuation increases only as a(t). Thus, eventually the wavelength will cross the Hubble radius again (it will "enter" the Hubble radius) at time t f (k). Thus, it is possible for inflation to generate fluctuations on cosmological scales by causal physics.
Any physical process which obeys the symmetry of the inflationary phase and which generates perturbations will generate fluctuations of equal strength when measured when they cross the Hubble radius:
(independent of k). Here, δM (k, t) denotes the r.m.s. mass fluctuation on a length scale k −1 at time t. It is generally assumed that causal physics cannot affect the amplitude of fluctuations on super-Hubble scales (see, however, the comments at the end of Section 4.1). Therefore, the magnitude of δM M can change only by a factor independent of k, and hence it follows that
which is the definition of a scale-invariant spectrum [50] . In terms of quantities usually used by astronomers, (41) corresponds to a power spectrum
Analyses from galaxy redshift surveys (see e.g. [51, 52] ) give a power spectrum of density fluctuations which is consistent with a scale-invariant primordial spectrum as given by (41) . The COBE observations of CMB anisotropies [53] are also in good agreement with the scale-invariant predictions from exponential inflation models, and in fact already give some bounds on possible deviations from scale-invariance. This agreement between the inflationary paradigm and observations is without doubt a major success of inflationary cosmology. However, it is worth pointing out (see [13, 14, 15] for recent reviews) that topological defect models also generically predict a scale-invariant spectrum of density fluctuations and CMB anisotropies. Luckily, the predictions of defect models and of inflationary theories differ in important ways: the small-scale CMB anisotropies are very different (see e.g. the lectures by Mageuijo in these proceedings [16] ), and the relative normalization of density and CMB fluctuations also differs. Observations will in the near future be able to discriminate between the predictions of inflationary cosmology and those of defect models.
Progress in Inflationary Cosmology
PARAMETRIC RESONANCE AND REHEATING
Reheating is an important stage in inflationary cosmology. It determines the state of the Universe after inflation and has consequences for baryogenesis, defect formation and other aspects of cosmology.
After slow rolling, the inflaton field begins to oscillate uniformly in space about the true vacuum state. Quantum mechanically, this corresponds to a coherent state of k = 0 inflaton particles. Due to interactions of the inflaton with itself and with other fields, the coherent state will decay into quanta of elementary particles. This corresponds to post-inflationary particle production.
Reheating is usually studied using simple scalar field toy models. The one we will adopt here consists of two real scalar fields, the inflaton ϕ with Lagrangian
interacting with a massless scalar field χ representing ordinary matter. The interaction Lagrangian is taken to be
Self interactions of χ are neglected. By a change of variables
the interaction Lagrangian can be written as
During the phase of coherent oscillations, the fieldφ oscillates with a frequency
neglecting the expansion of the Universe, although this can be taken into account [54, 55] ).
In the elementary theory of reheating (see e.g. [56] and [57] ), the decay of the inflaton is calculated using first order perturbation theory. According to the Feynman rules, the decay rate Γ B of ϕ (calculated assuming that the cubic coupling term dominates) is given by
The decay leads to a decrease in the amplitude of ϕ (from now on we will drop the tilde sign) which can be approximated by adding an extra damping term to the equation of motion for ϕ:
From the above equation it follows that as long as H > Γ B , particle production is negligible. During the phase of coherent oscillation of ϕ, the energy density and hence H are decreasing. Thus, eventually H = Γ B , and at that point reheating occurs (the remaining energy density in ϕ is very quickly transferred to χ particles.
The temperature T R at the completion of reheating can be estimated by computing the temperature of radiation corresponding to the value of H at which H = Γ B . From the FRW equations it follows that
If we now use the "naturalness" constraint 2
in conjunction with the constraint on the value of λ from (85), it follows that for σ < m pl , T R < 10 10 GeV .
This would imply no GUT baryogenesis, no GUT-scale defect production, and no gravitino problems in supersymmetric models with m 3/2 > T R , where m 3/2 is the gravitino mass. As we shall see, these conclusions change radically if we adopt an improved analysis of reheating.
As was first realized in [58] , the above analysis misses an essential point. To see this, we focus on the equation of motion for the matter field χ coupled to the inflaton ϕ via the interaction Lagrangian L I of (46) . Considering only the cubic interaction term, the equation of motion becomes
Since the equation is linear in χ, the equations for the Fourier modes χ k decouple:χ
where k p = k/a is the time-dependent physical wavenumber. Let us for the moment neglect the expansion of the Universe. In this case, the friction term in (54) drops out and k p is time-independent, and Equation (54) becomes a harmonic oscillator equation with a time-dependent mass determined by the dynamics of ϕ. In the reheating phase, ϕ is undergoing oscillations. Thus, the mass in (54) is varying periodically. In the mathematics literature, this equation is called the Mathieu equation. It is well known that there is an instability. In physics, the effect is known as parametric resonance (see e.g. [59] ). At frequencies ω n corresponding to half integer multiples of the frequency ω of the variation of the mass, i.e.
2 At one loop order, the cubic interaction term will contribute to λ by an amount ∆λ ∼ g 2 . A renormalized value of λ smaller than g 2 needs to be finely tuned at each order in perturbation theory, which is "unnatural".
there are instability bands with widths ∆ω n . For values of ω k within the instability band, the value of χ k increases exponentially:
with ϕ 0 being the amplitude of the oscillation of ϕ. Since the widths of the instability bands decrease as a power of the (small) coupling constant g 2 with increasing n, for practical purposes only the lowest instability band is important. Its width is
Note, in particular, that there is no ultraviolet divergence in computing the total energy transfer from the ϕ to the χ field due to parametric resonance. It is easy to include the effects of the expansion of the Universe (see e.g. [58, 54, 55] ). The main effect is that the value of ω k can become timedependent. Thus, a mode may enter and leave the resonance bands. In this case, any mode will lie in a resonance band for only a finite time. This can reduce the efficiency of parametric resonance, but the amount of reduction is quite dependent on the specific model. This behavior of the modes, however, also has positive aspects: it implies [58] that the calculation of energy transfer is perfectly well-behaved and no infinite time divergences arise.
It is now possible to estimate the rate of energy transfer, whose order of magnitude is given by the phase space volume of the lowest instability band multiplied by the rate of growth of the mode function χ k . Using as an initial condition for χ k the value χ k ∼ H given by the magnitude of the expected quantum fluctuations, we obtaiṅ
From (58) it follows that provided that the condition
is satisfied, where ∆t < H −1 is the time a mode spends in the instability band, then the energy transfer will procede fast on the time scale of the expansion of the Universe. In this case, there will be explosive particle production, and the energy density in matter at the end of reheating will be approximately equal to the energy density at the end of inflation. The above is a summary of the main physics of the modern theory of reheating. The actual analysis can be refined in many ways (see e.g. [54, 55, 60] ). First of all, it is easy to take the expansion of the Universe into account explicitly (by means of a transformation of variables), to employ an exact solution of the background model and to reduce the mode equation for χ k to a Hill equation, an equation similar to the Mathieu equation which also admits exponential instabilities.
The next improvement consists of treating the χ field quantum mechanically (keeping ϕ as a classical background field). At this point, the techniques of quantum field theory in a curved background can be applied. There is no need to impose artificial classical initial conditions for χ k . Instead, we may assume that χ starts in its initial vacuum state (excitation of an initial thermal state has been studied in [61] ), and the Bogoliubov mode mixing technique (see e.g. [62] ) can be used to compute the number of particles at late times.
Using this improved analysis, we recover the result (58) [55] . Thus, provided that the condition (59) is satisfied, reheating will be explosive. Working out the time ∆t that a mode remains in the instability band for our model, expressing H in terms of ϕ 0 and m pl , and ω in terms of σ, and using the naturalness relation g 2 ∼ λ, the condition for explosive particle production becomes
which is satisfied for all chaotic inflation models with σ < m pl (recall that slow rolling ends when ϕ ∼ m pl and that therefore the initial amplitude ϕ 0 of oscillation is of the order m pl ). We conclude that rather generically, reheating in chaotic inflation models will be explosive. This implies that the energy density after reheating will be approximately equal to the energy density at the end of the slow rolling period. Therefore, as suggested in [63, 64] and [65] , respectively, GUT scale defects may be produced after reheating and GUT-scale baryogenesis scenarios may be realized, provided that the GUT energy scale is lower than the energy scale at the end of slow rolling.
Note that the state of χ after parametric resonance is not a thermal state. The spectrum consists of high peaks in distinct wave bands. An important question which remains to be studied is how this state thermalizes. For some interesting work on this issue see [66] . As emphasized in [63] and [64] , the large peaks in the spectrum may lead to symmetry restoration and to the efficient production of topological defects (for a differing view on this issue see [67, 68] ). Since the state after explosive particle production is not a thermal state, it is useful to follow [54] and call this process "preheating" instead of reheating.
Note that the details of the analysis of preheating are quite modeldependent. In fact [54, 60] , in most models one does not get the kind of "narrow-band" resonance discussed here, but "wide-band" resonance. In this case, the energy transfer is even more efficient.
Many important questions, e.g. concerning thermalization and backreaction effects during and after preheating (or parametric resonance) remain to be fully analyzed. Recently [69] it has been argued that parametric resonance may lead to resonant amplification of super-Hubble-scale cosmological perturbations and might possibly even modify some of the first predictions of inflation mentioned in Section 3.4. The point is that in the presence of an oscillating inflaton field, the equation of motion for the cosmological perturbations takes on a similar form to the Mathieu equation discussed above (54) . In some models of inflation, the first resonance band included modes with wavelength larger than the Hubble radius, leading to the apparent amplification of super-Hubble-scale modes which will destroy the scale-invariance of the fluctuations. Such a process would not violate causality [70] since it is driven by the inflaton field which is coherent on super-Hubble scales at the end of inflation as a consequence of the causal dynamics of an inflationary Universe. However, careful analyses for simple single-field [70, 71] and double-field [72, 73] 
QUANTUM THEORY OF COSMOLOGICAL PERTURBATIONS
On scales larger than the Hubble radius (λ > t) the Newtonian theory of cosmological perturbations obviously is inapplicable, and a general relativistic analysis is needed. On these scales, matter is essentially frozen in comoving coordinates. However, space-time fluctuations can still increase in amplitude.
In principle, it is straightforward to work out the general relativistic theory of linear fluctuations [75] . We linearize the Einstein equations
(where G µν is the Einstein tensor associated with the space-time metric g µν , and T µν is the energy-momentum tensor of matter) about an expanding FRW background (g
µν , ϕ (0) ):
and pick out the terms linear in h µν and δϕ to obtain
In the above, h µν is the perturbation in the metric and δϕ is the fluctuation of the matter field ϕ. We have denoted all matter fields collectively by ϕ.
In practice, there are many complications which make this analysis highly nontrivial. The first problem is "gauge invariance" [76] Imagine starting with a homogeneous FRW cosmology and introducing new coordinates which mix x and t. In terms of the new coordinates, the metric now looks inhomogeneous. The inhomogeneous piece of the metric, however, must be a pure coordinate (or "gauge") artefact. Thus, when analyzing relativistic perturbations, care must be taken to factor out effects due to coordinate transformations.
There are various methods of dealing with gauge artefacts. The simplest and most physical approach is to focus on gauge invariant variables, i.e., combinations of the metric and matter perturbations which are invariant under linear coordinate transformations.
The gauge invariant theory of cosmological perturbations is in principle straightforward, although technically rather tedious. In the following I will summarize the main steps and refer the reader to [78] for the details and further references (see also [78] for a pedagogical introduction and [79, 80, 81, 82, 83, 84, 85, 86] for other approaches).
We consider perturbations about a spatially flat Friedmann-RobertsonWalker metric
where η is conformal time (related to cosmic time t by a(η)dη = dt). At the linear level, metric perturbations can be decomposed into scalar modes, vector modes and tensor modes (gravitational waves). In the following, we will focus on the scalar modes since they are the only ones which couple to energy density and pressure. A scalar metric perturbation (see [87] for a precise definition) can be written in terms of four free functions of space and time:
The next step is to consider infinitesimal coordinate transformations which preserve the scalar nature of δg µν , and to calculate the induced transformations of φ, ψ, B and E. Then we find invariant combinations to linear order. (Note that there are in general no combinations which are invariant to all orders [88] .) After some algebra, it follows that
are two invariant combinations (a prime denotes differentiation with respect to η).
Perhaps the simplest way [78] to derive the equations of motion for gauge invariant variables is to consider the linearized Einstein equations (64) and to write them out in the longitudinal gauge defined by B = E = 0, in which Φ = φ and Ψ = ψ, to directly obtain gauge invariant equations.
For several types of matter, in particular for scalar field matter, δT i j ∼ δ i j which implies Φ = Ψ. Hence, in this case the scalar-type cosmological perturbations can be described by a single gauge invariant variable. 
The variable w = p/ρ (with p and ρ background pressure and energy density respectively) is a measure of the background equation of state. In particular, on scales larger than the Hubble radius, the right hand side of (69) is negligible, and hence ξ is constant.
If the equation of state of matter is constant, i.e., w = const, theṅ ξ = 0 implies that the relativistic potential is time-independent on scales larger than the Hubble radius, i.e. Φ(t) = const. During a transition from an initial phase with w = w i to a phase with w = w f , Φ changes. In many cases, a good approximation to the dynamics given by (69) is
In order to make contact with matter perturbations and Newtonian intuition, it is important to remark that, as a consequence of the Einstein constraint equations, at Hubble radius crossing Φ is a measure of the fractional density fluctuations:
As mentioned earlier, the primordial fluctuations in an inflationary cosmology are generated by quantum fluctuations. What follows is a very brief description of the unified analysis of the quantum generation and evolution of perturbations in an inflationary Universe (for a detailed review see [78] ). The basic point is that at the linearized level, the equations describing both gravitational and matter perturbations can be quantized in a consistent way. The use of gauge invariant variables makes the analysis both physically clear and computationally simple.
The first step of this analysis is to consider the action for the linear perturbations in a background homogeneous and isotropic Universe, i.e. to expand the gravitational and matter action S(g µν , ϕ) to quadratic order in the fluctuation variables h µν , δϕ
where S 2 is quadratic in the perturbation variables. Focusing on the scalar perturbations, it turns out that one can express the resulting S 2 in terms of the joint metric and matter gauge invariant variable
describing the fluctuations. In the above, a prime denotes the derivative with respect to conformal time, and H = a ′ /a. It turns out that, after a lot of algebra, the action S 2 reduces to the action of a single gauge invariant free scalar field (namely v) with a time dependent mass [92, 93] (the time dependence reflects the expansion of the background space-time)
This result is not surprising. Based on the study of classical cosmological perturbations, we know that there is only one field degree of freedom for the scalar perturbations. Since at the linearized level there are no mode interactions, the action for this field must be that of a free scalar field. The action thus has the same form as the action for a free scalar matter field in a time dependent gravitational or electromagnetic background, and we can use standard methods to quantize this theory (see e.g. [62] ). If we employ canonical quantization, then the mode functions of the field operator obey the same classical equations as we derived in the gaugeinvariant analysis of relativistic perturbations.
The time dependence of the mass is reflected in the nontrivial form of the solutions of the mode equations. The mode equations have growing modes which correspond to particle production or equivalently to the generation and amplification of fluctuations. We can start the system off (e.g. at the beginning of inflation) in the vacuum state (defined as a state with no particles with respect to a local comoving observer). The state defined this way will not be the vacuum state from the point of view of an observer at a later time. The Bogoliubov mode mixing technique (see e.g. [62] for a detailed exposition) can be used to calculate the number density of particles at a later time. In particular, expectation values of field operators such as the power spectrum can be computed.
The resulting power spectrum gives the following result for the mass perturbations at time t i (k):
If the background scalar field is rolling slowly, then
Combining (71), (77), (78) and (79) and we get
This result can now be evaluated for specific models of inflation to find the conditions on the particle physics parameters which give a value
which is required if quantum fluctuations from inflation are to provide the seeds for galaxy formation and agree with the CMB anisotropy limits. For chaotic inflation with a potential
we can solve the slow rolling equations for the inflaton to obtain
which implies that m ∼ 10 13 GeV to agree with (81) . Similarly, for a quartic potential
we obtain
which requires λ ≤ 10 −12 in order not to conflict with observations. Demanding that (83) and (85) yield the observed amplitude of the density perturbations requires the presence of small parameters in the particle physics models. It has been shown [94] that, quite generally, small parameters are required in any particle physics model if potential-driven inflation is to solve the fluctuation problem.
To summarize the main results of the analysis of density fluctuations in inflationary cosmology:
1. Quantum vacuum fluctuations in the de Sitter phase of an inflationary Universe are the source of perturbations. 2. As a consequence of the change in the background equation of state, the evolution outside the Hubble radius produces a large amplification of the perturbations. In fact, unless the particle physics model contains very small coupling constants, the predicted fluctuations are in excess of those allowed by the bounds on cosmic microwave anisotropies. 3. The quantum generation and classical evolution of fluctuations can be treated in a unified manner. The formalism is no more complicated that the study of a free scalar field in a time dependent background. 4. Inflationary Universe models generically produce an approximately scale invariant Harrison-Zel'dovich spectrum
It is not hard to construct models which give a different spectrum. All that is required is a significant change in H during the period of inflation.
Problems of Inflationary Cosmology
FLUCTUATION PROBLEM
A generic problem for all realizations of potential-driven inflation studied up to now concerns the amplitude of the density perturbations which are induced by quantum fluctuations during the period of exponential expansion [47, 48] . From the amplitude of CMB anisotropies measured by COBE, and from the present amplitude of density inhomogeneities on length scales of clusters of galaxies, it follows that the amplitude of the mass fluctuations δM /M on a length scale given by the comoving wavenumber k at the time t H (k) when that scale crosses the Hubble radius in the FRW period is of the order 10 −4 .
However, as was discussed in detail in the previous section, the present realizations of inflation based on scalar quantum field matter generically [94] predict a much larger value of these fluctuations, unless a parameter in the scalar field potential takes on a very small value. For example, in a single field chaotic inflationary model with potential given by (84) the mass fluctuations generated are of the order 10 2 λ 1/2 (see (85) ). Thus, in order not to conflict with observations, a value of λ smaller than 10 −12 is required. There have been many attempts to justify such small parameters based on specific particle physics models, but no single convincing model has emerged.
SUPER-PLANCK-SCALE PHYSICS PROBLEM
In many models of inflation, in particular in chaotic inflation, the period of inflation is so long that comoving scales of cosmological interest today corresponded to a physical wavelength much smaller than the Planck length at the beginning of inflation. In extrapolating the evolution of cosmological perturbations according to linear theory to these very early times, we are implicitly making the assumption that the theory remains perturbative to arbitrarily high energies. If there were completely new physics at the Planck scale, the predictions might change. For example, if there were a sharp ultraviolet cutoff in the theory, then, if inflation lasts many e-folding, the modes which represent fluctuations on galactic scales today would not be present in the theory since their wavelength would have been smaller than the cutoff length at the beginning of inflation. A similar concern about black hole Hawking radiation has been raised in [95] .
As an example of how Planck-scale physics may dramatically alter the usual predictions of inflation, consider "Pre-big-bang Cosmology" [44] which can be viewed as a toy model for how to include some effects of string theory in cosmological considerations. The pre-big-bang scenario is based on a dilaton-dominated super-exponentially expanding Universe smoothly connecting to an expanding FRW Universe dominated by matter and radiation. In this model of the early Universe, scalar metric perturbations on large scales are highly suppressed [96] in the absence of excited axionic degrees of freedom [97] .
SINGULARITY PROBLEM
Scalar field-driven inflation does not eliminate singularities from cosmology. Although the standard assumptions of the Penrose-Hawking theorems break down if matter has an equation of state with negative pressure, as is the case during inflation, nevertheless it can be shown that an initial singularity persists in inflationary cosmology [98] . This implies that the theory is incomplete. In particular, the physical initial value problem is not defined.
Since the cosmological constant acts as an effective energy density, its value is bounded from above by the present energy density of the Universe. In Planck units, the constraint on the effective cosmological constant Λ ef f is (see e.g. [99] )
This constraint applies both to the bare cosmological constant and to any matter contribution which acts as an effective cosmological constant.
The true vacuum value of the potential V (ϕ) acts as an effective cosmological constant. Its value is not constrained by any particle physics requirements (in the absence of special symmetries). The cosmological constant problem is thus even more acute in inflationary cosmology than it usually is. The same unknown mechanism which must act to shift the potential such that inflation occurs in the false vacuum must also adjust the potential to vanish in the true vacuum. Supersymmetric theories may provide a resolution of this problem, since unbroken supersymmetry forces V (ϕ) = 0 in the supersymmetric vacuum. However, supersymmetry breaking will induce a nonvanishing V (ϕ) in the true vacuum after supersymmetry breaking.
New Avenues
In the light of the problems of potential-driven inflation discussed in the previous sections, many cosmologists have begun thinking about new avenues towards early Universe cosmology which, while maintaining (some of) the successes of inflation, address and resolve some of its difficulties. One approach which has received a lot of recent attention is pre-big-bang cosmology [44] . A nice feature of this theory is that the mechanism of inflation is completely independent of a potential and thus independent of the cosmological constant issue. The scenario, however, is confronted with a graceful exit problem [100] , and the initial conditions need to be very special [101] (see, however, the discussion in [102] ). String theory may lead to a natural resolution of some of the puzzles of inflationary cosmology. This is an area of active research. The reader is referred to [40] for a review of recent studies of obtaining inflation with moduli fields, and to [42] for attempts to obtain inflation with branes. Below, three more conventional approaches to addressing some of the problems of inflation will be summarized.
INFLATION FROM CONDENSATES
At the present time there is no direct observational evidence for the existence of fundamental scalar fields in nature (in spite of the fact that most attractive unified theories of nature require the existence of scalar fields in the low energy effective Lagrangian). Scalar fields were initially introduced in particle physics to yield an order parameter for the symmetry breaking phase transition. Many phase transitions exist in nature; however, in all cases, the order parameter is a condensate. Hence, it is useful to consider the possibility of obtaining inflation using condensates, and in particular to ask if this would yield a different inflationary scenario.
The analysis of a theory with condensates is intrinsically non-perturbative. The expectation value of the Hamiltonian H of the theory contains terms with arbitrarily high powers of the expectation value ϕ of the condensate. A recent study of the possibility of obtaining inflation in a theory with condensates was undertaken in [103] (see also [104] for some earlier work). Instead of truncating the expansion of H at some arbitrary order, the assumption was made that the expansion of H in powers of ϕ is asymptotic and, specifically, Borel summable (on general grounds one expects that the expansion will be asymptotic -see e.g. [105] )
The cosmological scenario is as follows: the expectation value ϕ vanishes at times before the phase transition when the condensate forms. Afterwards, ϕ evolves according to the classical equations of motion with the potential given by (88) (we have no information about the form of the kinetic term but will assume that it takes the standard form). Hence, the initial conditions for the evolution of ϕ are like those of new inflation. It can be easily checked that the slow rolling conditions are satisfied. However, the slow roll conditions remain satisfied for all values of ϕ , thus leading to a graceful exit problem -inflation will never terminate.
However, we have neglected the fact that correlation functions, in particular φ 2 , are in general infrared divergent in the de Sitter phase of an expanding Universe. It is natural to introduce a phenomenological cutoff parameter ǫ(t) into the vacuum expectation value (VEV), and to replace ϕ by ϕ / ǫ. It is natural to expect that ǫ(t) ∼ H(t) (see e.g. [106, 107] ). Hence, the dynamical system consists of two coupled functions of time ϕ and ǫ. A careful analysis shows that a graceful exit from inflation occurs precisely if H tends to zero when ϕ tends to large values.
As is evident, the scenario for inflation in this composite field model is very different from the standard potential-driven inflationary scenario. It is particularly interesting that the graceful exit problem from inflation is linked to the cosmological constant problem.
NONSINGULAR UNIVERSE CONSTRUCTION
A natural approach to resolving the singularity problem of general relativity is to consider an effective theory of gravity which contains higher order terms, in addition to the Ricci scalar of the Einstein action. This approach is well motivated, since any effective action for classical gravity obtained from string theory, quantum gravity, or by integrating out matter fields, will contain higher derivative terms. Thus, it is quite natural to consider higher derivative effective gravity theories when studying the properties of space-time at large curvatures.
Most higher derivative gravity theories have much worse singularity problems than Einstein's theory. However, it is not unreasonable to expect that in the fundamental theory of nature, be it string theory or some other theory, the curvature of space-time is limited. In Ref. [108] the hypothesis was made that when the limiting curvature is reached, the geometry must approach that of a maximally symmetric space-time, namely de Sitter space. The question now becomes whether it is possible to find a class of higher derivative effective actions for gravity which have the property that at large curvatures the solutions approach de Sitter space. A nonsingular Universe construction which achieves this goal was proposed in Refs. [109, 110] . It is based on adding to the Einstein action a particular combination of quadratic invariants of the Riemann tensor chosen such that the invariant vanishes only in de Sitter space-times. This invariant is coupled to the Einstein action via a Lagrange multiplier field in a way that the Lagrange multiplier constraint equation forces the invariant to zero at high curvatures. Thus, the metric becomes de Sitter and hence explicitly nonsingular.
If successful, the above construction will have some very appealing consequences. Consider, for example, a collapsing spatially homogeneous Universe. According to Einstein's theory, this Universe will collapse in a finite proper time to a final "big crunch" singularity. In the new theory, however, the Universe will approach a de Sitter model as the curvature increases. If the Universe is closed, there will be a de Sitter bounce followed by reexpansion. Similarly, spherically symmetric vacuum solutions of the new equations of motion will presumably be nonsingular, i.e., black holes would have no singularities in their centers. This would have interesting consequences for the black hole information loss problem. In two dimensions, this construction has been successfully realized [111] .
The nonsingular Universe construction of [109, 110] and its applications to dilaton cosmology [112, 113] are reviewed in an accompanying article in these proceedings [114] . Here is just a very brief summary of the points relevant to the problems listed in Section 5.
The procedure for obtaining a nonsingular Universe theory [109] is based on a Lagrange multiplier construction. Starting from the Einstein action, one can introduce a Lagrange multiplier ϕ 1 coupled to the Ricci scalar R to obtain a theory with bounded R:
where the potential V 1 (ϕ 1 ) satisfies the asymptotic conditions coming from demanding that at small values of ϕ 1 (small curvature), the Einstein theory is recovered, and that at large values of ϕ 1 the Ricci scalar tends to a constant. However, this action is insufficient to obtain a nonsingular gravity theory. For example, singular solutions of the Einstein equations with R = 0 are not affected at all. The minimal requirements for a nonsingular theory are that all curvature invariants remain bounded and the space-time manifold is geodesically complete. It is possible to achieve this by a two-step procedure. First, we choose one curvature invariant I 1 (g µν ) (e.g. I 1 = R in (89)) and demand that it be explicitely bounded by the construction of (89) . In a second step, we demand that as I 1 (g µν ) approaches its limiting value, the metric g µν approach the de Sitter metric g DS µν , a definite nonsingular metric with maximal symmetry. In this case, all curvature invariants are automatically bounded (they approach their de Sitter values), and the space-time can be extended to be geodesically complete. The second step can be implemented by another Lagrange multiplier construction [109] . Consider a curvature invariant I 2 (g µν ) with the property that
Next, introduce a second Lagrange multiplier field ϕ 2 which couples to I 2 and choose a potential V 2 (ϕ 2 ) which forces I 2 to zero at large |ϕ 2 |:
with asymptotic conditions
for V 2 (ϕ 2 ). The first constraint forces I 2 to zero, the second is required in order to obtain the correct low curvature limit. The invariant
singles out the de Sitter metric among all homogeneous and isotropic metrics (in which case adding C 2 , the Weyl tensor square, is superfluous), all homogeneous and anisotropic metrics, and all radially symmetric metrics. As a specific example one can consider the action [109, 110] 
with
It can be shown that all solutions of the equations of motion which follow from this action are nonsingular. They are either periodic about Minkowski space-time (ϕ 1 , ϕ 2 ) = (0, 0) or else asymptotically approach de Sitter space (|ϕ 2 | → ∞).
One of the most interesting properties of this theory is asymptotic freedom [110] , i.e., the coupling between matter and gravity goes to zero at high curvatures. It is easy to add matter (e.g., dust, radiation or a scalar field) to the gravitational action in the standard way. One finds that in the asymptotic de Sitter regions, the trajectories of the solutions projected onto the (ϕ 1 , ϕ 2 ) plane are unchanged by adding matter. This applies, for example, in a phase of de Sitter contraction when the matter energy density is increasing exponentially but does not affect the metric. The physical reason for asymptotic freedom is obvious: in the asymptotic regions of phase space, the space-time curvature approaches its maximal value and thus cannot be changed even by adding an arbitrarily high matter energy density. Hence, there is the possibility that this theory will admit a natural suppression mechanism for cosmological fluctuations. If this were the case, then the solution of the singularity problem would simultaneously help resolve the fluctuation problem of potential-driven inflationary cosmology.
BACK-REACTION OF COSMOLOGICAL PERTURBATIONS
The linear theory of cosmological perturbations in inflationary cosmology is well studied. However, effects beyond linear order have received very little attention. Beyond linear order, perturbations can effect the background in which they propagate, an effect well known from early studies [115] of gravitational waves. As will be summarized below, the back-reaction of cosmological perturbations in an exponentially expanding Universe acts like a negative cosmological constant, as first realized in the context of studies of gravitational waves in de Sitter space in [116] .
Gravitational back-reaction of cosmological perturbations concerns itself with the evolution of space-times which consist of small fluctuations about a symmetric Friedmann-Robertson-Walker space-time with metric g (0)
µν . The goal is to study the evolution of spatial averages of observables in the perturbed space-time. In linear theory, such averaged quantities evolve like the corresponding variables in the background space-time. However, beyond linear theory perturbations have an effect on the averaged quantities. In the case of gravitational waves, this effect is well known [115] : gravitational waves carry energy and momentum which affect the background in which they propagate. Here, we shall focus on scalar metric perturbations.
The analysis of gravitational back-reaction [117] is related to early work by Brill, Hartle and Isaacson [115] , among others. The idea is to expand the Einstein equations to second order in the perturbations, to assume that the first order terms satisfy the equations of motion for linearized cosmological perturbations [78] (hence these terms cancel), to take the spatial average of the remaining terms, and to regard the resulting equations as equations for a new homogeneous metric g 
where the effective energy-momentum tensor τ µν of gravitational backreaction contains the terms resulting from spatial averaging of the second order metric and matter perturbations:
where pointed brackets stand for spatial averaging, and the superscripts indicate the order in perturbations.
As formulated in (98) and (99), the back-reaction problem is not independent of the choice of coordinates in space-time and hence is not well defined. It is possible to take a homogeneous and isotropic space-time, choose different coordinates, and obtain a nonvanishing τ µν . This "gauge" problem is related to the fact that in the above prescription, the hypersurface over which the average is taken depends on the choice of coordinates.
The key to resolving the gauge problem is to realize that to second order in perturbations, the background variables chage. A gauge independent form of the back-reaction equation (98) can hence be derived [117] by defining background and perturbation variables Q = Q (0) + δQ which do not change under linear coordinate transformations. Here, Q represents collectively both metric and matter variables. The gauge-invariant form of the back-reaction equation then looks formally identical to (98) , except that all variables are replaced by the corresponding gauge-invariant ones. We will follow the notation of [78] , and use as gauge-invariant perturbation variables the Bardeen potentials [79] φ and Ψ which in longitudinal gauge coincide with the actual metric perturbations δg µν . Calculations hence simplify greatly if we work directly in longitudinal gauge. Recently, these calculations have been confirmed [118] by working in a completely different gauge, making use of the covariant approach.
In [119] , the effective energy-momentum tensor τ µν of gravitational back-reaction was evaluated for long wavelength fluctuations in an inflationary Universe in which the matter responsible for inflation is a scalar field ϕ with the potential
Since there is no anisotropic stress in this model, in longitudinal gauge the perturbed metric can be written [78] in terms of a single gravitational potential φ ds 2 = (1 + 2φ)dt 2 − a(t)
where a(t) is the cosmological scale factor. It is now straightforward to compute G
µν and T (2) µν in terms of the background fields and the metric and matter fluctuations φ and δϕ, By taking averages and making use of (99), the effective energy-momentum tensor τ µν can be computed [119] .
The general expressions for the effective energy density ρ (2) = τ 0 0 and effective pressure p (2) = − 1 3 τ i i involve many terms. However, they greatly simplify if we consider perturbations with wavelength greater than the Hubble radius. In this case, all terms involving spatial gradients are negligible. From the theory of linear cosmological perturbations (see e.g. [78] ) it follows that on scales larger than the Hubble radius the time derivative of φ is also negligible as long as the equation of state of the background does not change. The Einstein constraint equations relate the two perturbation variables φ and δϕ, enabling scalar metric and matter fluctuations to be described in terms of a single gauge-invariant potential φ. During the slowrolling period of the inflationary Universe, the constraint equation takes on a very simple form and implies that φ and δϕ are proportional. The upshot of these considerations is that τ µν is proportional to the two point function < φ 2 >, with a coefficient tensor which depends on the background dynamics. In the slow-rolling approximation we obtain [119] ρ (2) ≃ −4V < φ 2 >
and p (2) = −ρ (2) .
This demonstrates that the effective energy-momentum tensor of longwavelength cosmological perturbations has the same form as a negative cosmological constant. This back-reaction mechanism may thus relate closely to the cosmological constant problem [120] .
Conclusions
Inflationary cosmology is an attractive scenario. It solves some problems of standard cosmology and leads to the possibility of a causal theory of structure formation. The specific predictions of an inflationary model of structure formation, however, depend on the specific realization of inflation, which makes the idea of inflation hard to verify or falsify. Many models of inflation have been suggested, but at the present time none are sufficiently distinguished to form a "standard" inflationary theory.
There has been a lot of recent progress in inflationary cosmology. As explained in Section 4.1, a new theory of inflationary reheating (preheating) has been developed based on parametric resonance. Preheating has dramatic consequences for baryogenesis and for the production of particles and solitons at the end of inflation. A consistent quantum theory of the generation and evolution of linear cosmological perturbations has been developed (see Section 4.2) . At the present time, a lot of work is being devoted to extend the analysis of cosmological perturbations beyond linear order. A third area of dramatic progress in inflationary cosmology has been the development of precision calculations of the power spectrum of density fluctuations and of CMB anisotropies which will allow detailed comparisons between current and upcoming observations and inflationary models.
However, there are important unsolved problems of principle in inflationary cosmology. Four such problems discussed in these lectures (in Section 5) are the fluctuation problem, the super-Planck-scale physics problem, the singularity problem and the cosmological constant problem, the last of which is probably the Achilles heel of inflationary cosmology.
It may be that a convincing realization of inflation will have to wait for an improvement in our understanding of fundamental physics. In Section 6, we described some promising but incomplete avenues which address some of the above problems, while still yielding an inflationary epoch.
